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ON THE RELATION BETWEEN ACTION AND LINKING
DAVID BECHARA SENIOR, UMBERTO L. HRYNIEWICZ, AND PEDRO A. S. SALOMA˜O
Abstract. We introduce numerical invariants of contact forms in dimension
three, and use asymptotic cycles to estimate them. As a consequence we prove
a version for Anosov Reeb flows of results due to Hutchings and Weiler on
mean actions of periodic points. The main tool is the Action-Linking Lemma,
expressing the contact area of a surface bounded by periodic orbits as the
Liouville average of the asymptotic intersection number of most trajectories
with the surface.
1. Introduction
The goal of this paper is to explore elementary ergodic methods to study contact
forms from a quantitative point of view. We introduce numerical invariants of a
systolic flavour. These invariants provide the language to generalize results due to
Hutchings [12] and Weiler [16] on mean actions of periodic points. Their results
were proved using embedded contact homology (ECH), but here we explore the
connection to equidistribution of periodic orbits and use classical tools in Dynami-
cal Systems, like Sigmund’s results for Axiom A flows [15], to prove the analogous
statement for Anosov Reeb flows. We also explain that Irie’s equidistribution theo-
rem [14] could be used to check the hypotheses of our statements for a C∞-generic
Reeb flow on any 3-manifold.
The paper is organized as follows. The result for Anosov Reeb flows is Theo-
rem 1.10. The application to C∞-generic Reeb flows relying on [14] is explained in
Remark 1.11. These applications use Theorem 1.9, which generalizes Theorem 1.7
from S3 to the general 3-manifold, and is proved in section 3. The arguments are
based on the Action-Linking Lemma (Lemma 1.12) proved via asymptotic cycles in
section 2. The connection to the results from [12, 16] is discussed in subsection 1.2.
Finally, in section 4 we study toric domains.
1.1. Set-up and main results. A contact form on a 3-manifold M is a 1-form λ
such that λ ∧ dλ defines a volume form. The associated Reeb vector field X is
implicitly determined by iXdλ = 0, iXλ = 1. We call the pair (M,λ) a contact-
type energy level. It is always assumed that M is compact, that X is tangent to
∂M in case ∂M 6= ∅, and that M is oriented by λ∧ dλ. The flow of X is called the
Reeb flow.
A periodic orbit γ of the Reeb vector field consists of the data of a Reeb trajectory
that is periodic and one of its positive periods, not necessarily the primitive one.
The period is denoted by T (γ). Sometimes we might think of γ as a (possibly)
multiply covered, oriented knot that is positively tangent to the Reeb vector field.
The contact volume of λ is defined as
(1) vol(λ) =
∫
M
λ ∧ dλ
Systolic geometry of contact forms is mainly concerned with the relations between
periods of closed Reeb orbits and the contact volume.
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Definition 1.1. Let λ be a contact form on S3. Given two geometrically distinct
periodic Reeb orbits γ1, γ2 their systolic pairing ρ(γ1, γ2) is defined as
(2) ρ(γ1, γ2) =
link(γ1, γ2)vol(λ)
T (γ1)T (γ2)
where link denotes the linking number. The systolic interval of λ is defined as
(3) I(λ) = [ρ−(λ), ρ+(λ)] ρ−(λ) = inf
γ1,γ2
ρ(γ1, γ2) ρ+(λ) = sup
γ1,γ2
ρ(γ1, γ2)
where sup and inf are taken over pairs of geometrically distinct periodic orbits.
The systolic norm of λ is defined as the length of the systolic interval
(4) ‖λ‖sys = ρ+(λ)− ρ−(λ)
Note that ρ(γ1, γ2) is invariant under iterations of periodic orbits and rescaling of
the contact form. The existence of at least two periodic orbits is taken for granted
in Definition 1.1. In [6] one finds an argument for the general closed 3-manifold via
ECH, and in [10] one finds an argument for the tight 3-sphere based on linearised
contact homology.
Remark 1.2 (Finiteness of the systolic norm). Consider any smooth non-singular
vector field on S3 and let P be the set of invariant Borel probability measures
equipped with the weak* topology. In [9] Ghys introduced and briefly sketched the
theory of the quadratic linking form Q :P×P → R. See also the lecture notes [8]
by Dehornoy. It turns out that if γj : R/T (γj)Z→ S3 (j = 1, 2) are geometrically
distinct periodic orbits then
Q
(
(γ1)∗Leb
T (γ1)
,
(γ2)∗Leb
T (γ2)
)
=
link(γ1, γ2)
T (γ1)T (γ2)
where Leb denotes Lebesgue measure. In [9] it is stated that Q is continuous.
From the continuity of Q and the compactness of P it follows that Q is bounded
from above and below. This proves the following statement: “The continuity of the
quadratic linking form implies that ρ+(λ) and ρ−(λ) are finite.” We do not address
existence or continuity of the quadratic linking form here, we only note that in the
light of [9] one expects all contact forms on S3 to have finite systolic norm. Our
results do not use this fact.
Later we will transport the above definitions to an arbitrary (M,λ), at which
point we will be in position to explain why inequalities such as 1 ≤ supγ ρ(γ0, γ),
with γ0 fixed a priori, are precisely versions for Reeb flows on S
3 of the results
from [12, 16]. We are then led to ask the following questions.
Question 1. Does 1 ∈ I(λ) hold for every contact form λ on the 3-sphere?
Question 2. More generally, do the systolic inequalities
inf
γ⊂S3\γ0
ρ(γ0, γ) ≤ 1 ≤ sup
γ⊂S3\γ0
ρ(γ0, γ)
hold for every periodic Reeb orbit γ0 of an arbitrary contact form on S
3?
It is instructive to study the systolic norm of toric domains. Let R4 be equipped
with coordinates (x1, y1, x2, y2) and standard symplectic form ω0 =
∑
j rjdrj ∧ dθj
written in polar coordinates xj = rj cos θj , yj = rj sin θj . Let F : R2 → [0,+∞)
be a 1-homogeneous function, smooth and positive away from the origin. If we set
H = F (r21, r
2
2) then W = {H ≤ 1} is a smooth domain and the Liouville form
λ0 =
1
2
∑
j r
2
jdθj defines a contact form on ∂W ' S3. The proof of the next
proposition is given in section 4.
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Proposition 1.3. Among boundaries of toric domains the inequalities ρ− ≤ 1 ≤ ρ+
always hold and, moreover, the systolic norm vanishes precisely for ellipsoids.
Question 3. What kinds of Reeb dynamics are allowed for contact forms λ on S3
satisfying ‖λ‖sys = 0?
Remark 1.4. Hutchings suggested to enlarge the systolic interval by considering
also the values of the quadratic linking form at certain points of the diagonal,
namely to consider ρ(γ, γ) = rot0(γ)vol(λ)T (γ)
−2. Here rot0 denotes the transverse
rotation number computed in a Seifert framing. Let us refer to this interval as
the enlarged systolic interval. One could then combine the result from [7] with
arguments similar to those from [13] to conclude that 1 belongs to the enlarged
systolic interval. We believe it to be an interesting question to decide if the enlarged
systolic interval always coincides with the systolic interval. This is true for toric
domains.
Remark 1.5. Note that ρ± induce numerical invariants of symplectic fillings of the
tight three-sphere.
Remark 1.6. In [3] we find another systolic-type interval associated to contact
forms on the tight 3-sphere, defined in terms of mean rotation numbers of closed
Reeb orbits and the period of the systole. It is conjectured that high systolic ratio
forces this interval to be large.
Let (M,λ) be a contact-type energy level. A finite collection α = {γj} of pe-
riodic Reeb orbits is called an orbit set1. Each γj can be also seen as a map
γj : R/T (γj)Z → M , where T (γj) is the (not necessarily primitive) period of γj .
Let µ be an invariant Borel probability measure. We shall say that µ can be ap-
proximated by periodic orbits if there exists a sequence of orbit sets αn = {γnj } and
a sequence of positive weights {pnj } satisfying
∑
j p
n
j = 1 ∀n and∑
j
pnj
(γnj )∗Leb
T (γnj )
→ µ
as measures.
Theorem 1.7. If the Liouville measure on (S3, λ) can be approximated by periodic
orbits, then for every closed Reeb orbit γ0 and every  > 0 the sets
(5) ∪{γ ⊂ S3 \ γ0 | ρ(γ, γ0) ≥ 1− } ∪{γ ⊂ S3 \ γ0 | ρ(γ, γ0) ≤ 1 + }
have positive Liouville measure. In particular, 1 ∈ I(λ) and the systolic inequalities
(6) inf
γ⊂S3\γ0
ρ(γ, γ0) ≤ 1 ≤ sup
γ⊂S3\γ0
ρ(γ, γ0)
hold for every closed Reeb orbit γ0.
Theorem 1.7 provides evidence for a positive answer to questions 1 and 2. The
reason is the statement from [14] asserting that for a C∞-generic Reeb flow the
Liouville measure can be approximated by periodic orbits. It would then follow
that C∞-generically the conclusions of Theorem 1.7 hold and questions 1 and 2
have a positive answer.
The inequality 1 ≤ ρ+(λ) is connected to a conjecture of Viterbo [17]. A partic-
ular case of the conjecture asks for the inequality
(7) 1 ≤ vol(λ)
Tmin(λ)2
1This terminology slightly conflicts with the one used in ECH.
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to hold whenever the contact form on S3 is induced by a convex energy level in a
symplectic 4-dimensional vector space. Here Tmin(λ) stands for the minimal period
among the closed Reeb orbits of λ. Moreover, equality in (7) should hold exactly
when the contact form is Zoll, i.e. all Reeb trajectories are periodic and have the
same primitive period. This case of the conjecture was verified in [2] for convex sets
on a C3-neighbourhood of the round 3-sphere in R4 with its standard symplectic
form, but the proof is indirect and does not provide more information than (7).
In [5] the correct analogue of the inequality (7) in more general 3-manifolds was
formulated, and then proved on a C3-neighbourhood of Zoll contact forms. Re-
cently a version of this result in any dimension appeared in [1].
Question 4. Is it true that for a Reeb flow on S3 with only two periodic orbits the
contact volume coincides with the product of the periods?
Let us generalize the above discussion to other 3-manifolds. Fix a contact-type
energy level (M,λ). An adapted Seifert surface in (M,λ) is defined here to be
a smoothly embedded2, connected, orientable compact surface Σ ↪→ M such that
∂Σ \ ∂M consists of periodic Reeb orbits, or is empty. We split the boundary of Σ
according to
(8) ∂Σ = ∂˙Σ unionsq ∂bΣ where ∂˙Σ = ∂Σ \ ∂M, ∂bΣ = ∂Σ ∩ ∂M
Note that there may be no choice of orientation for Σ that orients all components
of ∂˙Σ along the flow. Once an orientation is fixed, its contact area is
T (Σ) =
∫
Σ
dλ
Definition 1.8. If Σ is an adapted Seifert surface in (M,λ) and γ is a periodic
Reeb orbit in M \ ∂˙Σ then we define a systolic pairing
(9) ρ(γ,Σ) =
int(γ,Σ)vol(λ)
T (γ)T (Σ)
provided T (Σ) 6= 0.
The number ρ(γ,Σ) does not depend on the orientation of Σ. It is invariant
under iterations of γ and rescaling of λ. Theorem 1.7 is a direct consequence of the
next statement.
Theorem 1.9. Let Σ be an oriented, adapted Seifert surface in (M,λ) such that
T (Σ) 6= 0. If the Liouville measure can be approximated by periodic orbits then for
every  > 0 the sets
(10) ∪{γ ⊂M \ ∂˙Σ | ρ(γ,Σ) ≥ 1− } ∪{γ ⊂M \ ∂˙Σ | ρ(γ,Σ) ≤ 1 + }
have positive Liouville measure. In particular, the following systolic inequalities
hold:
(11) inf
γ⊂M\∂˙Σ
ρ(γ,Σ) ≤ 1 ≤ sup
γ⊂M\∂˙Σ
ρ(γ,Σ)
The proof relies on the Action-Linking Lemma (Lemma 1.12), and will be given
in section 3. Our main application reads as follows.
Theorem 1.10. If the Reeb flow of λ is Anosov then for every adapted Seifert
surface Σ ⊂ M such that T (Σ) 6= 0 and every  > 0 the sets (10) have positive
Liouville measure. In particular, the systolic inequalities (11) hold.
2We assume clean intersections with ∂M .
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Proof. By the result of Sigmund [15], any invariant measure on a basic piece of the
non-wandering set of an Axiom A flow can be approximated by measures which are
given by one periodic orbit. Hence the same is true for any invariant measure of
an Anosov Reeb flow on a connected 3-manifold. In particular, this is true for the
Liouville measure. Now apply Theorem 1.9. 
Remark 1.11. Let M be a smooth compact 3-manifold. For 1 ≤ k ≤ ∞ let Ck(M)
be the space of contact forms on M of class Ck such that the Reeb vector field is
tangent to ∂M . Equip Ck(M) with the Ck-topology. For all k, Ck(M) is a metric
space. These metric spaces are not complete, but all its points have complete
neighbourhoods. The following statement is a direct application of Theorem 1.9
combined with the result from [14]: There exists a residual subset R of C∞(M) such
that the sets (10) have positive Liouville measure and the systolic inequalities (11)
hold for every λ ∈ R and every adapted Seifert surface Σ in (M,λ) with non-
zero contact area. In particular, the systolic inequalities (6) hold for a C∞-generic
contact form on S3.
The proof of Theorem 1.9 uses the Action-Linking Lemma, which we consider
of independent interest. Consider a general vector field on a compact 3-manifold
M that is tangent to ∂M . Let L be a finite collection of periodic orbits contained
in M \ ∂M . The theory of asymptotic cycles provides a way to define a real-
valued intersection number between an invariant Borel probability measure µ on
M \ L and a cohomology class y ∈ H1(M \ L;R). This is defined as follows.
For a recurrent point p ∈ M \ L we can consider sequences tn → +∞ such that
φtn(p)→ p and study the limits 〈y, k(tn, p)〉 /tn as n→∞, where the loop k(tn, p)
is obtained by concatenating to φ[0,tn](p) a short path from φtn(p) to p. The
classical ergodic theorem implies that for µ-almost all recurrent points these limits
exist independently of the choice of sequence tn and of the closing short paths, and
define a µ-integrable function fµ,y. The intersection number is defined as
(12) µ · y =
∫
M\∂˙Σ
fµ,y dµ
For the action-linking lemma we consider the Reeb vector field defined by λ, set
L = ∂˙Σ, and take y = Σ∗ the class “dual” to Σ. This means that 〈Σ∗, c〉 = int(c,Σ)
holds for every 1-cycle in M \ ∂˙Σ. Finally we define
int(λ ∧ dλ,Σ) = vol(λ)
(
λ ∧ dλ
vol(λ)
)
· Σ∗
where λ ∧ dλ is viewed as an invariant measure.
Lemma 1.12 (Action-linking lemma). The identity
int(λ ∧ dλ,Σ) = T (Σ)
holds for every (M,λ) and every oriented adapted Seifert surface Σ ⊂M .
The proof of Lemma 1.12 is found in Section 2. For an introductory exposition
on the theory of asymptotic cycles we refer to [11].
Remark 1.13. The Action-Linking Lemma can be seen as a version of the main
result from [4] for situations where a global surface of section may not be available.
However, differently from [4], we do not handle non-periodic orbits.
An elementary application is the existence of wise travelers when the Liouville
measure is ergodic. The definition of wise travelers is explained in the following
statement.
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Lemma 1.14 (Wise traveler lemma). Let (M,λ) be a contact-type energy level.
Assume that the Liouville measure is ergodic, and let Σk be any countable collection
of adapted Seifert surfaces. Then there exists a Borel subset E ⊂ M \ ∪k∂˙Σk of
full Liouville measure with the following property: The trajectory of any point of
E contains the information of all numbers T (Σk), in the sense that E consists of
recurrent points and if p ∈ E then for every k and every sequence tn → +∞ such
that φtn(p)→ p the following holds:
T (Σk) = vol(λ) lim
n→+∞
1
tn
int(k(tn, p),Σk)
On a homology 3-sphere it follows from Lemma 1.14 that if the Liouville measure
is ergodic then for every countable collection of periodic orbits γk we can find a wise
traveler whose trajectory contains the information of all T (γk). For non-degenerate
contact forms the set {γk} can be all the periodic orbits.
The following is a consequence of the fact, going back to Anosov’s thesis, that
the Liouville measure of an Anosov Reeb flow defined on a connected 3-manifold is
ergodic.
Corollary 1.15. Wise travelers always exist for an Anosov Reeb flow on a con-
nected 3-manifold.
Proof of Lemma 1.14. Let X be the Reeb vector field of λ. Denote by φt its flow
and by µλ the normalized Liouville measure. It is clear from its definition that
fΣ∗k,µλ is invariant by the flow. By the ergodicity assumption we find a Borel set
Yk ⊂ M \ ∂˙Σk of full Liouville measure, contained in the set of recurrent points,
such that
int(λ ∧ dλ,Σk) = vol(λ) fΣ∗k,µλ(q) ∀q ∈ Yk
Since E := ∩kYk is still of full Liouville measure, and since by the action-linking
lemma T (Σk) = int(λ ∧ dλ,Σk), we can choose our wise traveler to be any point
in E. 
1.2. Discussion about results on mean action. Let D ⊂ C be the unit disk
with coordinates z = x+ iy and area form ω0 = dx∧ dy. Let H : R/Z×D→ R be
a Hamiltonian and denote Ht = H(t, ·). The Hamiltonian vector field XHt defined
by dHt = ω0(XHt , ·) is assumed to be tangent to ∂D, for every t. The isotopy
ϕtH obtained by integrating XHt starting from the identity at time zero defines a
rotation number ρH ∈ R of the map h = ϕ1H on ∂D. Given a primitive η of ω0 the
associated action function is
(13) σH,η(z) =
∫
ϕ
[0,1]
H (z)
η +
∫ 1
0
Ht(ϕ
t
H(z))dt
The Calabi invariant of H is
(14) CAL(H) =
1
pi
∫
D
σH,η ω0
which turns out to be independent of η. If z is a k-periodic point of h then its
action and its mean action are defined as
(15) σH(z, k) :=
k−1∑
i=0
σH,η(h
i(z)) σ¯H(z) :=
σH(z, k)
k
respectively. Note that σH(z, k) is independent of η and that σ¯H(z) does not depend
on the choice of period. Actions here are equal to pi times the actions from [12].
Since our disk has total area pi, our Calabi invariant is pi times the Calabi invariant
from [12].
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Theorem 1.16 (Hutchings [12]). Assume that h(reiθ) = rei(θ+ρH) near ∂D, that
Ht|∂D = 0 for all t and that η agrees with (1/2)dθ on ∂D. If CAL(H) < ρH then
for every  > 0 there is a periodic point z such that σ¯H(z) ≤ CAL(H) + .
If ρH ∈ Q then Theorem 1.16 holds without the assumption ρH > CAL(H).
Weiler’s theorem [16] is the analogue for maps on the annulus.
It is trivial, but important, to note that if some sequence of finite collections of
periodic points of h becomes equidistributed with respect to ω0/pi then for every
 > 0 there is a periodic point z such that σ¯H(z) ≤ CAL(H) + , i.e. the conclusion
of Theorem 1.16 holds with no extra assumptions. This remark can be translated
to the language of contact forms and Reeb vector fields as follows. If c is large then
λc = (H + c)dt+ η is a contact form on M = R/Z×D whose Reeb vector field Xλc
is a positive multiple of X˜H = ∂t +XHt . Fix such c. For every z ∈ D the integral
of λc along a piece of X˜H -trajectory of the form t ∈ [0, 1] 7→ (t, ϕtH(z)) ∈ M is
equal to σH,η(z) + c. Hence the action (period) of a closed orbit γ of Xλc through
a point (0, z) is equal to T (γ) =
∫
γ
λc = σH(z, k) + kc where k = int(γ, {0} × D).
Note also that vol(λc) = pi(CAL(H) + c). If we assume that some sequence orbit
sets for λc becomes Liouville equidistributed then we can apply Theorem 1.9 with
Σ = {0} × D to find, for every  > 0, a periodic Reeb orbit such that
(16) ρ(γ,Σ) ≥ 1−  ⇔ 1
1− CAL(H) +
c
1−  ≥ σ¯H(z)
The conclusion follows from letting  → 0. The reason why this application of
Theorem 1.9 is trivial is the obvious equality between the period of a periodic point
of h and the intersection number between the corresponding periodic Reeb orbit
of λc and Σ. This follows from the fact that Σ is a global surface of section. The
role of the Action-Linking Lemma is to handle situations where a global surface of
section with prescribed boundary orbits might not be available.
Acknowledgments. We thank Marcelo Alves and Gerhard Knieper for helpful
discussions, especially for pointing us to Sigmund’s work. D. Bechara Senior is
supported by the SFB/TRR 191 ‘Symplectic Structures in Geometry, Algebra and
Dynamics’, funded by the DFG.
2. Proof of the Action-Linking Lemma
The first step is to blow the periodic orbits in ∂˙Σ up. We get a new compact
smooth 3-manifold Mˆ with boundary obtained by adding one boundary torus at
each end of M \∂˙Σ. The closure Σˆ of Σ\∂˙Σ in Mˆ is an embedded surface with clean
intersections with the boundary. Moreover, the vector field X extends smoothly to
a vector field Xˆ on Mˆ tangent ∂Mˆ . We refer the reader to [11, Section 3]. For the
sake of completeness we provide details.
Order the periodic orbits in ∂˙Σ as c1, c2 . . . , denote by Tj the primitive period
of cj . Choose an orientation preserving diffeomorphism Ψj : R/TjZ×D→ Nj onto
a small compact tubular neighborhood Nj of cj such that
Ψj(t, 0) = cj(t) and Ψ
−1
j (Nj ∩ Σ) = R/TjZ× [0, 1]× {0}
On Nj \ cj we get tubular polar coordinates
Nj \ cj ' R/TjZ× (0, 1]× R/2piZ p = Ψj(t, r cos θ, r sin θ) ' (t, r, θ)
Define
Mˆ =
(M \ ∂˙Σ) unionsq ⊔
j
R/TjZ× [0, 1]× R/2piZ

/
∼
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where a point in Nj \ cj is identified with the point in R/TjZ× (0, 1]×R/2piZ given
by its polar tubular coordinates. The obvious differentiable structure on Mˆ turns
it into a compact smooth 3-manifold with a new boundary torus
Tj = R/TjZ× {0} × R/2piZ
for each j. Moreover, the closure Σˆ of Σ \ ∂˙Σ in Mˆ intersects ∂Mˆ cleanly.
Note that ∂θ is transverse to Σ in Nj \ cj . Define j = +1 if ∂θ is positively
transverse, or j = −1 otherwise. We need to fix a choice of smooth vector field Y on
Mˆ that is positively transverse to Σˆ, coincides with j∂θ on R/TjZ× [0, 1]×R/2piZ,
and is also tangent to all other boundary components of Mˆ . Using the flow of Y
we define a smooth diffeomorphism
(17) F : U → Σˆ× [−δ0, δ0]
such that F∗Y = ∂z where U is a compact neighborhood of Σˆ in Mˆ , δ0 > 0 is
small, and z is the coordinate on [−δ0, δ0]. For every δ ∈ (0, δ0) consider a smooth
function ϕδ : R→ [0,+∞) satisfying
supp(ϕδ) ⊂ [−δ, δ]
∫
R
ϕδ(z)dz = 1
Let βδ be the 1-form defined as F
∗(ϕδ(z)dz) on U , and 0 on Mˆ \U . It follows that βδ
is smooth on Mˆ , dβδ = 0 and βδ and represents the dual class Σ
∗ on M \ ∂˙Σ ⊂ Mˆ .
Fix a positive area-form Ω on Σˆ. Define a function
(18) g : U ∩ (M \ ∂˙Σ) = U \ ∪jTj → (0,+∞) by λ ∧ dλ = g Ω ∧ dz
where U gets identified with Σˆ× [−δ0, δ0] via F .
Claim. For every j we have sup|z|≤δ0 g(q, z)→ 0 as q → ∂Σˆ ∩ Tj .
Proof of Claim. Ψj induces coordinates (t, x, y) ∈ R/TjZ × D on Nj and tubular
polar coordinates (t, r, θ) ∈ R/TjZ× [0, 1]× R/2piZ near Tj . We can write
λ = adt+ bdx+ cdy dλ = A dx ∧ dy +B dy ∧ dt+ C dt ∧ dx
on Nj . Note that a, b, c, A,B,C are smooth in (t, x, y), hence they are also smooth
in (t, r, θ) all the way up to {r = 0}. We get an expression
λ ∧ dλ = (aA+ bB + cC)r dt ∧ dr ∧ dθ
Note that (t, r) are smooth coordinates in Σˆ near ∂Σˆ ∩ Tj . Hence we can write
Ω = h(t, r)dt ∧ dr near ∂Σˆ ∩ Tj for some h that is smooth up to {r = 0}. The sign
of h depends on whether dt ∧ dr is positive or negative on Σˆ. Moreover, since Y
coincides with j∂θ near the Tj , we get
Ω ∧ dz = jh(t, r)dt ∧ dr ∧ dθ
near Tj , with a positive coefficient jh(t, r) in front of dt ∧ dr ∧ dθ. We finally get
an expression for g:
g =
(aA+ bB + cC)r
jh(t, r)
which is O(r) as r → 0 since the denominator is bounded away from zero. 
Let Φj : R/TjZ×[0, 1]×R/2piZ→M be the map Φj(t, r, θ) = Ψj(t, r cos θ, r sin θ).
It is smooth and defines a diffeomorphism R/TjZ × (0, 1] × R/2piZ ' Nj \ cj that
we use to pull back the vector field X to a vector field Wj . In [11, Section 3] it
is proved that Wj admits a smooth extension to R/TjZ × [0, 1] × R/2piZ that is
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tangent to the boundary torus Tj . It follows that the vector field X restricted to
M \ ∂˙Σ extends smoothly to a vector field Xˆ on Mˆ that is tangent to ∂Mˆ .
Since Y coincides with j∂θ near Tj and iXˆdθ is bounded, we get that iXˆβδ is
also bounded. It turns out that
(19) int(λ ∧ dλ,Σ) =
∫
M\∂˙Σ
iXβδ λ ∧ dλ ∀δ ∈ (0, δ0)
This is a simple application of Birkhoff’s ergodic theorem, details are spelled out
in [11, subsection 2.1]. In particular, the integrals on the right hand side do not
depend on δ. The rest of this proof consists in showing that the limit as δ → 0 in
the above identity is equal to T (Σ).
Denote by f : U → R the smooth function iXˆdz. Since U is compact, its L∞-
norm ‖f‖L∞(U) is finite. Denote Σˆ0 := Σˆ \ ∪jTj = Σ \ ∂˙Σ.
Let  > 0 be arbitrary. Choose a smooth compact domain K ⊂ Σˆ0 such that
(20)
∣∣∣∣∣
∫
Σˆ\K
Ω
∣∣∣∣∣ ≤ 1 ‖g‖L∞(Σˆ0\K×[−δ0,δ0])‖f‖L∞(U) ≤ 
and that
(21)
∣∣∣∣∣
∫
Σˆ0\K
f(q, 0)g(q, 0) Ω
∣∣∣∣∣ ≤ 
The second condition in (20) uses the Claim proved above. We have
(22)
∫
M\∂˙Σ
iXβδ λ ∧ dλ =
∫
Σˆ0×[−δ,δ]
ϕδ(z)f(q, z)g(q, z) Ω ∧ dz
=
∫
Σˆ0\K×[−δ,δ]
ϕδ(z)f(q, z)g(q, z) Ω ∧ dz
+
∫
K×[−δ,δ]
ϕδ(z)f(q, z)g(q, z) Ω ∧ dz
= (I) + (II)
where g is the function (18). Using (20) we estimate
(23) |(I)| ≤ 
∫
R
ϕδ(z)dz = 
To estimate (II) we write fg on K × [−δ0, δ0] as
(24) f(q, z)g(q, z) = f(q, 0)g(q, 0) + ∆(q, z)
for some function ∆ : K × [−δ0, δ0]→ R satisfying
(25) |∆(q, z)| ≤ C|z| C = ‖d(fg)‖L∞(K×[−δ0,δ0])
It is important to note that C depends on K, hence also on , but not on δ. Then
we can estimate
(26)
∣∣∣∣∣(II)−
∫
K×[−δ,δ]
ϕδ(z)f(q, 0)g(q, 0) Ω ∧ dz
∣∣∣∣∣
≤ Cδ
∫
K×[−δ,δ]
ϕδ(z) Ω ∧ dz = Cδ
∫
Σˆ
Ω
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We can now finally estimate using (21), (23) and (26)∣∣∣∣int(λ ∧ dλ,Σ)− ∫
Σˆ0
f(q, 0)g(q, 0) Ω
∣∣∣∣
=
∣∣∣∣∣
∫
M\∂˙Σ
iXβδ λ ∧ dλ−
∫
Σˆ0
f(q, 0)g(q, 0) Ω
∣∣∣∣∣
≤ |(I)|+
∣∣∣∣∣(II)−
∫
K×[−δ,δ]
ϕδ(z)f(q, 0)g(q, 0) Ω ∧ dz
∣∣∣∣∣
+
∣∣∣∣∣
∫
K×[−δ,δ]
ϕδ(z)f(q, 0)g(q, 0) Ω ∧ dz −
∫
Σˆ0
f(q, 0)g(q, 0) Ω
∣∣∣∣∣
≤ + Cδ
∫
Σˆ
Ω +
∣∣∣∣∣
∫
Σˆ0\K
f(q, 0)g(q, 0) Ω
∣∣∣∣∣
≤ 2+ Cδ
∫
Σˆ
Ω
Letting δ → 0 above we get∣∣∣∣int(λ ∧ dλ,Σ)− ∫
Σˆ0
f(q, 0)g(q, 0) Ω
∣∣∣∣ ≤ 2
and since  > 0 is arbitrary we conclude that
(27) int(λ ∧ dλ,Σ) =
∫
Σˆ0
f(q, 0)g(q, 0) Ω
The final step is to compute the integral on the right hand side of (27). On U \∪jTj
we compute
(28) dλ = iX(λ ∧ dλ) = iX(g Ω ∧ dz) = fg Ω + dz ∧ ν
for some 1-form ν. Since dz vanishes tangentially to Σˆ we get
T (Σ) =
∫
Σ
dλ =
∫
Σ\∂˙Σ=Σˆ0
dλ =
∫
Σˆ0
f(q, 0)g(q, 0) Ω
These identities and (27) imply that
int(λ ∧ dλ,Σ) = T (Σ)
The proof of the Action-Linking Lemma is complete.
3. Proof of Theorem 1.9
Orient Σ so that T (Σ) > 0. Fix  > 0 arbitrarily. Consider the set P consisting
of the union of the periodic orbits γ ⊂M \ ∂˙Σ satisfying ρ(γ,Σ) ≥ 1− . We need
to show that P has positive Liouville measure.
Denote by µλ the normalised Liouville measure, i.e. the measure induced by the
volume form vol(λ)−1λ ∧ dλ. Let {γnj }, {pnj } be a sequence of finite collections of
periodic orbits and of weights satisfying
(29)
∑
j
pnj = 1, ∀n
∑
j
pnj
(γnj )∗Leb
T (γnj )
→ µλ as measures.
First we prove the following general claim: If U is an open invariant set of full
Liouville measure and if we set
Jn = {j | γnj ⊂ U}
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then
(30) Ln =
∑
j∈Jn
pnj → 1
∑
j∈Jn
pˆnj
(γnj )∗Leb
T (γnj )
→ µλ with pˆnj =
pnj
Ln
To prove (30) first note that by (29)
1 = µλ(U) = lim
n→∞
∑
j∈Jn
pnj = lim
n→∞Ln
and then compute for an arbitrary open set V ⊂M
(31)
µλ(V ) = µλ(U ∩ V )
= lim
n
1
Ln
µλ(U ∩ V )
= lim
n
1
Ln
∑
j
pnj Leb({t ∈ R/T (γnj )Z | γnj (t) ∈ U ∩ V })
= lim
n
1
Ln
∑
j∈Jn
pnj Leb({t ∈ R/T (γnj )Z | γnj (t) ∈ U ∩ V })
= lim
n
1
Ln
∑
j∈Jn
Lnpˆ
n
j Leb({t ∈ R/T (γnj )Z | γnj (t) ∈ U ∩ V })
= lim
n
∑
j∈Jn
pˆnj Leb({t ∈ R/T (γnj )Z | γnj (t) ∈ V })
as desired, proving (30).
To prove the theorem we argue by contradiction and assume that µλ(P) = 0.
Hence U = M \ (P ∪ ∂˙Σ) is an open invariant set of full Liouville measure. From
the previously explained argument applied to U we see that there is no loss of
generality to assume that γnj ⊂ U for all n, j. The function fµλ,Σ∗ in (12) is
defined by the limits
(32) fµλ,Σ∗(p) = limtn→+∞
int(k(tn, p),Σ)
tn
on an invariant Borel set E ⊂ M \ ∂˙Σ of full Liouville measure that contains all
the periodic orbits in M \ ∂˙Σ, and satisfies
(33)
∫
M\∂˙Σ
fµλ,Σ∗ dµλ =
int(λ ∧ dλ,Σ)
vol(λ)
=
T (Σ)
vol(λ)
Here we made use of Lemma 1.12. Moreover, in the proof of Lemma 1.12 (Section 2)
it is shown that there exists a smooth closed 1-form βδ defined on M \ ∂˙Σ such that
iXβδ is bounded, βδ represents the class Σ
∗, and
(34)
∫
M\∂˙Σ
fµλ,Σ∗ dµλ =
∫
M\∂˙Σ
iXβδ dµλ
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Hence
(35)
T (Σ)
vol(λ)
=
∫
M\∂˙Σ
fµλ,Σ∗ dµλ
=
∫
M\∂˙Σ
iXβδ dµλ
=
∫
U
iXβδ dµλ
= lim
n
∫
U
iXβδ d
(
pnj
(γnj )∗Leb
T (γnj )
)
= lim
n
∑
j
pnj
int(γnj ,Σ)
T (γnj )
≤ lim
n
∑
j
pnj (1− )
T (Σ)
vol(λ)
= (1− ) T (Σ)
vol(λ)
In the second equality we used our contradiction assumption that U has full Liou-
ville measure. In the fifth line we used that X is tangent to γnj and βδ represents
Σ∗. In the sixth line we used the assumption that all γnj lie in U and satisfy
ρ(γnj ,Σ) < 1 −  (by the definition of U). This contradiction concludes the proof
in this case.
The closure of the set of periodic orbits satisfying ρ(·,Σ) ≤ 1 +  can be handled
analogously.
4. Toric domains
We prove Proposition 1.3. The Reeb vector field X on (∂W, λ0) coincides with
the Hamiltonian vector field XH defined by −dH = iXHω0, hence
X(x1, y1, x2, y2) = 2D1F (r
2
1, r
2
2)∂θ1 + 2D2F (r
2
1, r
2
2)∂θ2
It follows that each torus given by a point in the curve F = 1 in the interior
of the first quadrant of the (r21, r
2
2)-plane is invariant by the flow. Such a torus is
either foliated by periodic orbits (rational torus) or does not contain periodic orbits
(irrational torus). The rational tori are characterised by∇F having commensurable
coordinates, and there is a unique (p, q) ∈ Z2 in the complement of the (closed)
third quadrant such that gcd(p, q) = 1 and ∇F = t(p, q) for some t > 0. We call
this torus a (p, q)-torus. The primitive period T of the orbits in such a torus is
determined by
T =
pip
D1F
=
piq
D2F
where the partial derivatives of F are evaluated at the corresponding point (r21, r
2
2).
In addition to the rational tori, there are two special orbits given by the points of
F = 1 in the r21-axis and in the r
2
2-axis. We denote the latter by γ1 = {r1 = 0} and
the former by γ2 = {r2 = 0}. If γ is a periodic orbit in a (p, q)-torus then
(36) link(γ, γ1) = p link(γ, γ2) = q
In which case
(37) ρ(γ, γ1) =
p2pi2A
pip
D1F |γ
pi
D2F |γ1
= 2A D1F |γD2F |γ1
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where A is the area of the region in {F ≤ 1} that lies in the first quadrant. Analo-
gously
(38) ρ(γ, γ2) =
q2pi2A
piq
D2F |γ
pi
D1F |γ2
= 2A D2F |γD1F |γ2
We can also compute
(39) ρ(γ1, γ2) =
2pi2A
pi
D1F |γ2
pi
D2F |γ1
= 2A D1F |γ2D2F |γ1
Now let γˆ be a periodic orbit on a (pˆ, qˆ)-torus. Up to relabeling, we can assume that
the (p, q)-torus is closer to γ1 than the (pˆ, qˆ)-torus, in the sense that the (p, q)-torus
divides ∂W into two solid tori, one of them contains γ1 while the other contains γ2
and the (pˆ, qˆ)-torus. Hence γ can be homotoped to γq1 and γˆ can be homotoped to
γpˆ2 by homotopies with disjoint images. Hence link(γ, γˆ) = pˆq. We get
(40) ρ(γ, γˆ) =
pˆq2pi2A
piq
D2F |γ
pipˆ
D1F |γˆ
= 2A D2F |γD1F |γˆ
The first conclusion from the above formulas is that for ellipsoids the number 1
belongs to the systolic interval, and the systolic norm vanishes.
Secondly, the above calculations show that the systolic norm can only vanish in
the ellipsoid case. In fact, (37) and the 1-homogeneity of F together imply that D1F
is constant in the first quadrant if the systolic norm is zero. Analogously, (38) and
the 1-homogeneity of F together imply that D2F is constant in the first quadrant
if the systolic norm is zero. Hence F coincides with a linear function in the first
quadrant and W is an ellipsoid if the systolic norm vanishes, as desired.
Finally, let us prove for toric domains that 1 always belongs to the systolic
interval. If ρ(γ1, γ2) = 1 then there is nothing to prove. We proceed assuming
ρ(γ1, γ2) 6= 1. Below we only argue for the case ρ(γ1, γ2) > 1, the case ρ(γ1, γ2) < 1
is analogous.
Let (x, y) denote coordinates in R2. By 1-homogeneity of F the domain {F ≤ 1}
is star-shaped in R2 and we can parametrize the part of its boundary {F = 1} in
the first quadrant as a curve
c : θ ∈ [0, pi/2] 7→ c(θ) ∈ {F = 1} ∩ {x ≥ 0, y ≥ 0}
where θ is the polar angle. Let t(θ) be twice the area of the intersection of the
domain {F ≤ 1} with the sector {0 ≤ arctan(y/x) ≤ θ}. The star-shapedness
of the domain implies that t′(θ) > 0. Hence we can invert the function t(θ) on
{θ ∈ [0, pi/2]} to obtain a function θ : [0, 2A] → [0, pi/2]. Denote C(t) = c(θ(t)) =
(x(t), y(t)), t ∈ [0, 2A]. Let a, b > 0 be determined by C(0) = (a, 0), C(2A) = (0, b).
By construction we have
(41) 1 = x(t)y′(t)− y(t)x′(t)
Hence, by uniqueness of solutions of ODEs, C(t) must solve Hamilton’s equation
(42) x′(t) = −D2F (x(t), y(t)) y′(t) = D1F (x(t), y(t))
since this is compatible with (41) in view of 1-homogeneity of F :
(43) xD1F + yD2F = F
We make another use of (43) to compute
(44)
1 = F (C(0)) = aD1F (a, 0)⇒ D1F (a, 0) = 1
a
1 = F (C(2A)) = bD2F (0, b)⇒ D2F (0, b) = 1
b
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From (39) and our standing assumption ρ(γ1, γ2) > 1 we get
(45) 1 < ρ(γ1, γ2) =
2A
ab
Denoting by (t1, t2) the coordinates in [0, 2A]× [0, 2A], we compute the average:
(46)
1
4A2
∫
[0,2A]2
D1F (x(t1), y(t1))D2F (x(t2), y(t2)) dt1dt2
=
1
4A2
∫
[0,2A]2
−y′(t1)x′(t2) dt1dt2
=
1
4A2
(∫ 2A
0
−x′(t2)dt2
)(∫ 2A
0
y′(t1)dt1
)
=
1
4A2
(x(0)− x(2A)) (y(2A)− y(0)) = 1
2A
ab
2A
<
1
2A
where (45) was used for the last inequality. Hence we find (t∗1, t
∗
2) ∈ [0, 2A]2 such
that
2A D1F (x(t
∗
1), y(t
∗
1)) D2F (x(t
∗
2), y(t
∗
2)) < 1
For each j = 1, 2 the value t∗j corresponds to an invariant torus or to one of the end
orbits γ1, γ2. By continuity of the partial derivatives of F in R2 \ {(0, 0)} and by
formulas (37)-(40) we find two rational tori with orbits γ, γˆ satisfying ρ(γ, γˆ) < 1.
Hence ρ(γ, γˆ) < 1 < ρ(γ1, γ2) from where we conclude that 1 belongs to the systolic
interval.
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